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Quantum effects lead to the annihilation of AdS Universe when dilaton is absent. We consider here the role of the
form for the dilatonic potential in the quantum creation of a dilatonic AdS Universe and its stabilization. Using the
conformal anomaly for dilaton coupled scalar, the anomaly induced action and the equations of motion are obtained.
Using numerical methods the solutions of the full theory which correspond to quantum-corrected AdS Universe are
given for a particular case of dilatonic potential.
1. INTRODUCTION
Recent research on Anti-de Sitter spacetime has been
motivated by AdS/CFT duality conjecture (for a review
see [1]). According with this conjecture, it is possible to
obtain a correspondence between classical properties of
AdS spacetime and the properties of some conformal
field theory in low dimensions.
From a different point of view, quantum field the-
ory on curved spaces (see [2] for further information)
provides some hints towards our understanding of the
origin of the early Universe. One of the most success-
ful inflationary models (anomaly induced inflation [5])
is based on quantum creation of a de Sitter universe
through quantum matter effects. It is interesting, then,
to understand if this quantum creation is a sole property
of de Sitter spacetime or if it is a general result which
occurs in spaces with constant curvature.
In this work, we consider the role of quantum matter,
interacting with the dilaton, on the AdS universe stabi-
lization. It is already known that quantum effects de-
stroy and turn AdS universe unstable [7]. In this work,
these quantum effects appear on the dilatonic induced
conformal anomaly in four dimensions (see [6]). It is
worth mentioning, that this dilatonic induced conformal
anomaly may have an holographic origin within a Yang-
Mills N = 4 conformal supergravity (via AdS/CFT cor-
respondence) as is shown in [10]
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2. Description of the model
Our test model is based on a four dimensional AdS
space-time (AdS4 ) with metric given by
ds2 = e−2λx˜3(dt2− (dx1)2− (dx2)2)− (dx˜3)2 , (2.1)
with an effective cosmological constant Λ = −λ2 .
This metric can be rewritten into a plane-conformal
one by using the following coordinate transformation
y = x3 =
eλx˜3
λ
. (2.2)
Replacing a = e−λx˜3 = 1/(λx3) = 1/(λy), the metric
takes the final form
ds2 = a2(dt2 − dx2) = a2ηµνdxµdxν . (2.3)
In order to obtain the effective action for a scalar
field coupled with the dilaton we take the following
anomaly (for a review see [3, 6] )
T = b
(
F +
2
3
✷R
)
+ b′G+ b′′✷R +
+a1
[(∇f)(∇f)]2
f4
+ a2✷
(
(∇f)(∇f)
f2
)
,(2.4)
where b and b′ are constants,
b =
1
120(4pi)2
, b′ = − 1
120(4pi)2
,
a1 =
1
32(4pi)2
, a2 =
1
24(4pi)2
, (2.5)
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while F is the square of the Weyl tensor in four dimen-
sions and G is the Gauss-Bonnet invariant [6, 7].
Here, it must be clear that b′′ is an arbitrary pa-
rameter which may vary depending on the value of the
finite gravitational renormalization. From now on, we
will take b′′ = 0 since this has no physical consequences.
The terms multiplying a1 and a2 give the dilaton con-
tribution, where f is an arbitrary function of a scalar
quantum field ϕ .
It can be further noticed that if we omit the dila-
ton terms in (2.4) the well known conformal anomaly is
obtained.
3. Effective action and field equations
Using the conformal anomaly (2.4), the effective action
can be easily constructed [4]. Taking into account that
we are dealing with a quantum-induced AdS space-time,
we can use a metric similar to (2.3), as it is usually done,
that is to say gµν = e
2σ(y)ηµν . Here ηµν denotes the
Minkowski metric. We now apply the techniques of ref.
[4] to obtain the anomaly induced effective action. The
result is
W =
∫
d4x[2b′σ✷2σ − 2(b+ b′)(✷σ +
+ηµν(∂µσ)(∂νσ))
2 + a1
[(∇f)(∇f)]2
f4
+
+a2✷
(
(∇f)(∇f)
f2
)
] . (3.6)
Since σ depends on y only, and supposing that f = ϕ ,
we can simplify this last equation in order to obtain a
final form for the effective action
W = V3
∫
dy[2b′σσ′′′′ − 2(b+ b′)(σ′′ + (σ′)2)2+
+ a1
(ϕ′)4
ϕ4
σ + a2
[
(ϕ′)2
ϕ2
]′′
σ + a2
(ϕ′)2
ϕ2
(σ′)2] .(3.7)
Here, σ′ = dσ/dy . Now, it must be taken into account
that the total effective action is formed from W plus
a conformal invariant functional. In the plane confor-
mal case, as the one being considered, this conformal
invariant functional is a non-important constant. Only
if we consider a periodicity of some coordinates this con-
stant becomes important, as some kind of Casimir en-
ergy which depends on the radius of the compactified
dimension. In order to take into account the effects of
quantum matter in the AdS universe, we must add to
the anomaly induced action the classical gravitational
action. In our case the classical action includes a dila-
tonic potential and a kinetic term for the dilaton. We
write then
Scl = − 1
κ
∫
d4x
√−g (R+ β
2
gµν∂µϕ∂νϕ+ V (ϕ) +
+6Λ) =
= − 1
κ
∫
d4x e4σ(6e−2σ((σ′)2 + (σ′′)) +
+
β
2
e2σ(ϕ′)2 + V (ϕ) + 6Λ) . (3.8)
The sum of the classical action and the effective quan-
tum action fully describes the dynamics of the entire
quantum system.
The field equations for the action Scl +W , are ob-
tained by calculating its variation with respect to σ and
ϕ , assuming that σ and ϕ depend on the conformal
variable y only. In our case the potential will be de-
fined as V (ϕ) = α1
ϕ
. Performing a similar analysis as in
[13], we may obtain the equations of motion in terms of
the z variable , which is defined by the transformation,
dz = a(y) dy . (3.9)
The so obtained field equations have the form
−4b[a3 ....a +3a2 ...a +a2(a¨)2 − 5a(a˙)2a¨] +
+24b′aa˙2a¨− 24
κ
a4Λ− 12
κ
(
a3a¨+ a2a˙2
)
+
+3βa7ϕ˙2 + 4α1
a4
ϕ
+ a1a
4 ϕ˙
4
ϕ4
+ 2a2a
2[a2
ϕ¨2
ϕ2
+
+3aa˙
ϕ˙ϕ¨
ϕ2
+ a2
ϕ˙
...
ϕ
ϕ2
− 5a2 ϕ˙
2ϕ¨
ϕ3
− 3aa˙ ϕ˙
3
ϕ3
+
+3a2
ϕ˙4
ϕ4
] = 0 (3.10)
6a1 ln aa
2
(
a
ϕ˙4
ϕ5
− aϕ˙
2ϕ¨
ϕ4
− ϕ˙
3
ϕ4
)
− 2a1a2a˙ ϕ˙
3
ϕ4
+
+a2(a
2a¨
ϕ˙2
ϕ3
− a2a¨ ϕ¨
ϕ2
+ aa˙2
ϕ˙2
ϕ3
− aa˙2 ϕ¨
ϕ2
+
−a2 ...a ϕ˙
ϕ2
− 4aa˙a¨ ϕ˙
ϕ2
− a˙3 ϕ˙
ϕ2
)− α1
2
a3
ϕ2
+
−β
2
a6(aϕ¨+ a˙ϕ˙)− 3βa6a˙ϕ˙ = 0 (3.11)
Here a˙ = da/dz and ϕ˙ = dϕ/dz . As it is argued on
ref. [7], it is desirable to look for solutions of the form
a(z) ≃ a0 eHz , ϕ(z) ≃ ϕ0 e−αHz . (3.12)
Replacing this ansatz into (3.10) and (3.11) it can be
seen that the logarithmic term of the second equation
becomes of the order of ln a ∼ Hz and since H is of the
order of Plank mass (ref. [8]) this term can be ignored.
Furthermore, and for simplicity, we are going to take
the simplest case when the kinetic term for the dilaton
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is zero, that is β = 0. Then, we obtain the following
equations for α and H
24b′H4 − 24Λ
κ
− 24
κ
H2 + 4
α1
ϕo
eαHz + a1α
4H4 = 0
2a1α
3H4 + 3a2αH
4 − α1
2
eαHz
ϕo
= 0 .
(3.13)
Taking α and α1 as small parameters, we can ne-
glect the αα1H terms. Equations (3.13), can be then
written as
6b′H4 − 6
κ
H2 − 6Λ
κ
+
α1
ϕo
+ a1α
4H4 = 0
2a1α
3H4 + 3a2αH
4 − α1
2ϕo
= 0 . (3.14)
From the equations (3.14) we see that the value for H2
will depend on the value for the parameter α through
the parameter α1 . A general solution for H
2 is not
short but feasible to calculate numerically.
From the set of equations (3.14) we obtain (numer-
ically) for the dependence of H2 in terms of α1 the
curve of the figure (3.). This curve was obtained by
taking for Λ, ao and ϕo the values −0.01, 1.0 and 1.0
respectively, and κ = 16piG , where G = 6.63 × 10−8
is the gravitational constant. From this figure, we see
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Figure 1: Behavior of H2 in terms of α1 . The data in
the vertical axis must be corrected by a factor of 10−6
and then added to 10−2 (for example the point placed
at 0.5 is in fact the point 0.0100005).
that H2 increases as the parameter α1 does, and this
means that the curvature rises too. As a consequence
of this the AdS universe remains to be stable and the
possibility of quantum creation of AdS universe occurs.
Although we do not plot here for negative values of α1 ,
it can be shown that for α1 < 0 the curve turns out
to be a monotonically decreasing function. This rein-
forces the fact that the stability of AdS universe grows
for positive values of α1 only. For negative values the
stability diminish as α1 raises toward 0. It is also seen
from the figure that when α1 ≃ 0.18, H2 quickly decays
to a smaller value. This may be interpreted as a unsta-
ble point where AdS spacetime may decay to Minkowski
space. This unstable point can also be found on the neg-
ative side of α1 at −0.18. These unstable points could
be the result of a failure of our approximation, since α1
must be considered smaller than 0.1 for αα1H to be
neglected in (3.13).
4. Summary
In [13] it was shown how the form of the dilatonic po-
tential affects the quantum creation of AdS Universe. In
the present work it is shown the possibility of quantum
creation of a dilatonic AdS universe when the dilatonic
potential is defined as a function of the form α1
ϕ
and
trough a numerical choice of the values for the param-
eter α1 . This choice was performed from the analysis
of the equations of motion. The total action for the full
field theory was constructed by using an anomaly in-
duced effective action for a dilaton coupled to a scalar
field and by adding to it the classical gravitational ac-
tion.
The interest for AdS spacetime is caused mainly
by AdS/CFT correspondence and nice supersymmet-
ric properties of this background. There was recently
a lot of interest in a brane-world approach where our
observable universe is considered as brane in a higher
dimensional space. There exists some variant of this
brane-world which is based on brane quantum effects
(so-called Brane New World)(for its formulation see
[11, 12]).
On the other hand one may wonder if there are some
relations between dS and AdS spacetimes. That is to
say, it is very interesting to understand if it would be
possible to obtain an AdS universe from the dS universe.
Then, the question is how does the choice of the dila-
tonic potential affects the possibility of creation of dila-
tonic de Sitter universe. Furthermore, one may wonder
what is the answer to this question in the case of spaces
within the Brane New World scenario. This topic will
be discussed elsewhere.
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